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Theoretical models are formulated to explain evolution and interaction of the damage mechanisms for
multiple delamination of the face-sheet and core crushing in composite sandwich beams subjected to
dynamically applied out-of-plane loading and continuously supported by rigid planes. The models are
based on simpliﬁed one-dimensional formulations and describe the impacted face of the sandwich as
a set of Timoshenko beams joined by cohesive interfaces and resting on a nonlinear Winkler foundation,
which approximates the response of the core; the dimensionless formulation highlights the material/
structure groups that control the mechanical response. The characteristic features of the problem and
transitions in damage progression are explored on varying geometrical parameters and material proper-
ties and magnitude and duration of the applied load. For quasi-static loading and low velocity impact,
core/face-sheet interactions generate energy barriers to the propagation of delaminations; the efﬁcacy
of the barriers in controlling damage in the face-sheets depends on the relative stiffnesses of face-sheet
and core and on the foundation yielding strength. For dynamic loading conditions, signiﬁcant dynamic
effects arise in certain regimes and cause substantial changes in behavior: shielding of the crack tip stress
ﬁelds provided by the foundation is reduced, especially after the load is removed when important delam-
ination openings occur; core plasticity generally opposes this behavior and limits damage in the face-
sheet.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
The high strength and stiffness and light weight of polymer com-
posite sandwiches, which consist of two thin, stiff and highly resis-
tant face-sheets separated by thick low density cores, explain their
expanding use for structural applications of the naval, aerospace, ci-
vil and transportation industries. The major drawback of these
material systems is their sensitivity to different forms of damage.
Several fundamental damage and collapse mechanisms have
been identiﬁed: crushing and fracture of the core; delamination in
the face-sheets and at the face-sheet/core interface, matrix cracking
and ﬁber failure in the face-sheets and face-sheet geometric
instabilities; and studies have been conducted to analyse the funda-
mental failure modes, deﬁne failure maps in order to optimize the
sandwich design and investigate the inﬂuence of pre-existing
damage on the mechanical response (Abrate, 1997; Anderson and
Madenci, 2000; Hazizan and Cantwell, 2002; Shenhar et al., 1996;
Shipsha and Zenkert, 2005; Soden, 1996; Steeves and Fleck,ll rights reserved.
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sabò).2004a,b; Wu and Sun, 1996). However, experimental results show
that damage in sandwich structures, especially when they are
loaded dynamically, is usually the result of a combination of several
individual mechanisms (Latourte et al., 2011; Jackson and Shukla,
2011; Koissin and Shipsha, 2008; Koissin et al., 2004; LeBlanc and
Shukla, 2010; Schubel et al., 2005; Shukla, 2009). The problem of
the interaction of the different local damage mechanisms and the
effects such interaction has on damage evolution and mechanical
performance under static and dynamic loading conditions is still
unresolved. It is expected that understanding damage interaction
andevolutionand their effects onmechanical response anddifferent
key properties may give useful indications for the optimal design of
these systems.
In this paper the simple problem of a composite sandwich beam
with laminated face-sheets with multiple pre-existing delamina-
tions and a homogeneous core, continuously supported by a rigid
plane and subjected to a dynamically applied out-of-plane loading
is examined. Based on these assumptions, global bending and
shear in the beam are negligible, the number of fundamental dam-
age mechanisms reduces and focus may be on the local response of
the impacted face-sheet. The interaction of the damage mecha-
nisms for multiple delamination of the face-sheet and core crush-
ing is then studied using approximate one-dimensional models
Nomenclature
ai half length of crack i
ab distance of the energy barrier from the applied load
point
ai0 initial half length of crack i
Ai axial stiffness per unit width of sub-beam i
b width of sandwich beam
c core thickness
Di bending stiffness per unit width of sub-beam i
Ec transverse Young’s modulus of the core
Ey = ET, Ex transverse and through-width Young’s moduli of the
homogeneous face-sheet
Ez = EL = E longitudinal Young’s modulus of the homogeneous
face-sheet
energy term (i.e., input, kinetic, strain energy or energy
dissipated through plastic deformations or fracture)
ei axial deformation of sub-beam i
f1(a/kr) dimensionless function deﬁning the critical load for the
propagation of a single, central, mid-plane delamination
in a homogeneous face-sheet on an elastic foundation
(no shear/near tip deformations)
f1(a/kr)mode II as f1 with the assumption of constrained contact
f2(ai/kr, (i = 1, . . . ,n),n) as f1 with n equally spaced delaminations
f3ða=kr; Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
Þ as f1 with an elastic–plastic foundation
Gi shear stiffness per unit width of sub-beam i
Gzy = GLT in plane shear modulus of homogeneous face-sheet
GI;II mode I and mode II energy release rates
GIcr;IIcr mode I and mode II fracture energies
Gmax maximum dynamic energy release rate
Gst static energy release rate at maximum applied load
ci shear deformation of sub-beam i
h thickness of the face-sheet
hi thickness of sub-beam i
Ii¼h3i =12 central moment of inertia per unit width of sub-beam i
L half-length of sandwich beam
k modulus per unit width of the Winkler foundation
kb = 1/12Eh3 bending stiffness per unit width of face-sheet
kbr = kb/(n + 1)2 reduced bending stiffness per unit width of dela-
minated face-sheet
kcontact contact stiffness (interfacial traction law)
jV shear correction factor
KI,II mode I and mode II crack tip stress intensity factors
vi bending curvature of sub-beam i
Mi, Ni, Vi crack tip stress resultants per unit width in sub-beam i:
bending moment, normal force and shear force
x, y, z Cartesian coordinate system and principal material axes
ui bending rotation of sub-beam i
Dui,j =ui uj crack tip (root) rotation between sub-beams i and j
kort non dimensional orthotropy ratio, kort = ET/EL
k ¼ 2
ﬃﬃﬃ
2
p
pðkb=kÞ1=4 wavelength of the oscillations of the face-
sheet on the elastic foundation
kr ¼ 2
ﬃﬃﬃ
2
p
pðkbr=kÞ1=4 as k for a delaminated face-sheet
n number of delaminations in the face-sheet
mzy = mLT, mzx = mLx, myx = mTx Poisson ratios
Pcr critical load per unit width for the propagation of
delaminations
Pmax maximum applied load per unit width
qort non dimensional orthotropy ratio,
qort ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃELETp =2GLT  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃmTLmLTp
qm mass density of face-sheet
Si = hi area per unit width of sub-beam i
t time variable
t1 fundamental period of vibration of the face-sheet on the
elastic foundation
tlim fundamental period of vibration of an inﬁnitely long
face-sheet
tm load duration
T f transverse reaction of the Winkler foundation
Tfcr foundation yielding strength
TNi;iþ1 normal interface tractions (sub-beams i and i + 1)
TSi;iþ1 tangential interface tractions (sub-beams i and i + 1)
ui axial displacement of sub-beam i
wi transverse displacement of sub-beam i
wcr critical displacement at the foundation elastic limit
wNi;iþ1 ¼ wiþ1 wi interfacial opening displacement (sub-beams i
and i + 1)
wSi;iþ1 ¼ ðuiþ1 uiþ1hiþ1=2Þ  ðui þuihi=2Þ interfacial sliding dis-
placement between sub-beams i and i + 1
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shenko beams joined by cohesive interfaces and resting on a non-
linear Winkler foundation, which approximates the response of the
core (Sections 2.1–2.3). The limitations of the Winkler foundation
approximation, which is often used in the literature to study the lo-
cal response of sandwich systems (Koissin and Shipsha, 2008;
Shuaeib and Soden, 1997; Soden, 1996; Thomsen, 1995; Zenkert
et al., 2004), are discussed and the range of applicability of solu-
tions based on such assumption deﬁned in Section 2.4.
The work is divided into two parts. In the ﬁrst part, the quasi-
static response of the system, when inertia effects are negligible,
is studied Section 3. The quasi-static solution well describes low
velocity impact cases when the duration of the applied load is
much larger than the fundamental period of vibration of the
face-sheet on the elastic foundation, which for typical composite
sandwiches is on the order of 0.1 ms (see Sections 3.3 and 4).
The semi-analytic solutions of the problem in the quasi-static case
allow the identiﬁcation of the fundamental features of the
response. In the second part of the work results for quasi-static
loading will be used as a base to build understanding on the inter-
action effects of multiple damage mechanisms under dynamic
loading (Section 4). While many features of the static solutionremain present, substantial dynamic effects arise and cause quan-
titative and qualitative changes in behavior in some regimes.
In the limit of a soft core, the inﬂuence of the core on the frac-
ture response of the skin becomes negligible and the solutions ap-
proach those obtained for laminated composite beams (Andrews
et al., 2006; Andrews and Massabò, 2008; Andrews et al., 2009).
Important interaction effects in this limit are the following. (i)
The presence of multiple delaminations in the face-sheet induces
phenomena of ampliﬁcation or shielding of the crack tip stress
intensity factors (i.e., increase or decrease, respectively, relative
to the value for the affected crack when it is present alone in the
skin) and modiﬁcation of the mode ratios, even when crack tips
are far from each others. (ii) The fracture response of systems of
multiple equal length delaminations is determined by the lay-up
of the material and the delamination conﬁguration in the same
way for static and arbitrary dynamic loading conditions: in
homogeneous systems, the response is controlled by the
through-thickness spacing of the delaminations only. Crack conﬁg-
urations can be deﬁned for which cracks propagate with equal
lengths, including the case of equally spaced cracks, and the
equality of length is stable with respect to length perturbations;
this conﬁguration leads to the highest energy absorption. The
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into the unstable domains is instead characterized by the localized
propagation of only one or few cracks of the system, typically at a
higher speed. (iii) Energy absorption in laminated composites, can
be optimized by designing the material so that delaminations will
form along predeﬁned planes.2. Theoretical models
Consider a sandwich beam with a rectangular cross section of
width b, laminated face sheets of thickness h and a homogeneous
core of thickness c, subjected to an out-of-plane time dependent
load per unit width p(t), with t the time variable (Fig. 1a). The lam-
inated face sheets are assumed to be linearly elastic and perfectly
brittle or quasi-brittle with the layers between the laminae the po-
tential fracture surfaces; the core is assumed to be elastic (in ten-
sion) and elastic-perfectly plastic (in compression) to describe
materials that plastically indent in compression under the applied
load, e.g. polymeric foams (Daniel et al., 2002; Steeves and Fleck,
2004b). The beam is assumed to be continuously supported by a ri-
gid plane so that overall bending and shear are absent. The upper
face of the sandwich is then modeled as a multiply delaminated
composite beam resting on a nonlinear elastic–plastic Winkler
foundation, which approximates the core. The range of applicabil-
ity of the Winkler foundation approximation and its limitations are
deﬁned in Section 2.4. A system of Cartesian coordinates x–y–z is
introduced, with z the longitudinal axis and y the vertical axis of
symmetry of the skin cross-section (Fig. 1b and c).
The skin, with arbitrarily distributed delaminations, is discret-
ized and decomposed into sub-beams using the two decomposi-
tion schemes previously proposed in Andrews et al. (2006) and
Andrews et al. (2009) to study static and dynamic multiple delam-
ination fracture in composite laminates. In the ﬁrst scheme, Fig. 1b,
the decomposition is deﬁned by longitudinal sections along the
pre-existing delamination planes and vertical sections at the crack
tip positions and at all coordinates where there are changes in the
state of contact/cohesion. In the second scheme, Fig. 1c, the subdi-
vision is deﬁned by longitudinal sections at all pre-existing and po-
tential delamination planes; the longitudinal sections extend also
in the intact portion of the beam. All pre-existing and potential del-
aminations are treated as cohesive interfaces.
The ﬁrst decomposition scheme is convenientwhendealingwith
static loading conditions in beams with pre-existing delaminationsFig. 1. (a) Composite sandwich beam continuously supported by a rigid plane and subje
with t the time variable. (b and c) Schematics of the theoretical model formulated for (and when the skin can be approximated as being globally homoge-
neous, e.g. a uniformily reinforced laminate; the scheme allows very
accurate predictions of the stress intensity factors at the delamina-
tion tips (Section 2.3). The second scheme is convenient when deal-
ing with multilayered skin that cannot be approximated as being
globally homogeneous, to study delamination initiation in beams
with no pre-existing delaminations and dynamic delamination frac-
ture of the skin.
2.1. Sub-beam governing equations
In both schematics of Fig. 1b and c the sub-beams are described
by ﬁrst order shear deformation theory. The generic sub-beam i
(sub-beams are numbered from top to bottom and from left to
right) has height hi and cross sectional moment of inertia and area
per unit width Ii ¼ h3i =12 and Si = hi. The mass density is uniform
and equal to qm. The generalized displacements of the centroidal
axis of the sub-beam are the axial and transverse displacements,
ui and wi, and the rotation of the cross section, ui. The stress resul-
tants per unit width are the axial force, Ni, shear force, Vi, and bend-
ing moment, Mi (Fig. 2a). Only small deformations of the beam are
considered and the compatibility equations are:
eiðz; tÞ ¼ u0iðz; tÞ;
uiðz; tÞ ¼ w0iðz; tÞ þ ciðz; tÞ;
viðz; tÞ ¼ u0iðz; tÞ;
ð1Þ
where ei, ci, and vi are the axial and shear deformations and the
bending curvature and the superscript 0 indicates a spatial deriva-
tive with respect to the longitudinal coordinate z. The sub-beam
is assumed to be globally orthotropic with principal material axes
parallel to the longitudinal and transversal axes of the beam and
the constitutive relationships are:
Niðz; tÞ ¼ Aieiðz; tÞ;
Miðz; tÞ ¼ Diviðz; tÞ;
Viðz; tÞ ¼ Giciðz; tÞ;
ð2Þ
where Di, Ai and Gi are the bending, extensional and shear stiffness-
es deﬁned using lamination theory from the elastic constants and
lay-up of the laminae comprising the sub-beam. The last assump-
tion allows the description of laminates made of an arbitrary num-
ber of layers of isotropic/orthotropic materials, cross-ply laminates
as well as quasi isotropic laminates and general angle ply laminatescted to a time dependent out-of-plane load; p(t) is the load applied per unit width,
b) quasi-static loading and (c) dynamic loading.
Fig. 2. (a) Stress resultants and interface tractions along an inﬁnitesimal element of a typical sub-beam i. (b) Constitutive law of the nonlinear Winkler foundation
approximating the compressive yielding core; w is the transverse displacement of the lower sub-beam, Tf is the foundation reaction force and Tfcr is the yielding strength. (c
and d) Exemplary mode I and mode II interface cohesive laws accounting for elastic contact and cohesive mechanisms, with wNcr and w
S
cr the critical relative displacements
beyond which the cohesive tractions vanish; perfectly brittle fracture is obtained for wNcr ¼ wN0 and wScr ¼ wS0.
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each sub-beam. In the calculations reported in this study all sub-
beams are assigned equal elastic constants, with longitudinal and
transverse Young moduli EL = E and ET, shear modulus GLT and Pois-
son coefﬁcients mLT and mTL, e.g. a uniformly reinforced laminate,
leading to Ai = ESi, Di = EIi and Gi = jVGLTSi, with jV = 6/5 the shear
correction factor. The governing equations of the sub-beam corre-
spond to those of a sub-plate deforming in cylindrical bending by
substituting EL ¼ E=ð1 mLxmxLÞ and ET ¼ ET=ð1 mTxmxTÞ for EL and
ET and mLT ¼ ðmLT þ mLxmxTÞ=ð1 mLxmxLÞ for mLT. The solution of the
sandwich beam can therefore be extended to describe sandwich
plates under plane strain conditions parallel to the y–z plane and,
with some modiﬁcations, to plates under axial-symmetric condi-
tions (Andrews et al., 2006). Lay-ups resulting in sub-laminates that
satisfy the plane strain condition parallel to the plane z–y but are
not orthotropic and have non zero bending-extensional stiffnesses,
Bi– 0, can be included with minor modiﬁcations to the model
(Andrews, 2005).
Normal and tangential tractions TN and TS act along the lower
(subscript i, i + 1) and upper (subscript i  1, i) surfaces of the ith
sub-beam (Fig. 2a). They may represent externally applied trac-
tions on the skin upper surface, the action developed by the core
on the skin lower surface or interfacial tractions due to contact
or cohesion between the sub-beams.
Dynamic equilibrium of sub-beam i is given by:
M0i  Vi  1=2hi TSi;iþ1 þ TSi1;i
 
¼ qmIi €ui; ð3Þ
V 0i  TNi;iþ1 þ TNi1;i ¼ qmSi €wi; ð4Þ
N0i  TSi;iþ1 þ TSi1;i ¼ qmSi€ui; ð5Þ
where the terms on the right hand sides account for the transla-
tional and rotary inertia of the sub-beam and the dots indicates a
derivative with respect to time (the dependence of the stress resul-
tants and the generalized displacements and their derivatives on(z, t) has been left out). For quasi-static loading, the right hand sides
are assumed to be equal to zero.2.2. Cohesive interfaces
Cohesive interfaces deﬁne all pre-existing fracture planes in the
schemes (b) and (c) of Fig. 1 and all potential fracture planes in the
scheme (c). The interaction between the generic sub-beams i and
i + 1 at the cohesive interface is described by interface laws
TNi;iþ1 w
N
i;iþ1;w
S
i;iþ1
 
and TSi;iþ1 w
N
i;iþ1;w
S
i;iþ1
 
that relate the interfacial
tractions, TNi;iþ1 and T
S
i;iþ1, to the interfacial opening and sliding
displacements
wNi;iþ1 ¼ wiþ1 wi;
wSi;iþ1 ¼ ðuiþ1 uiþ1hiþ1=2Þ  ðui þuihi=2Þ:
ð6Þ
The interfacial traction laws are deﬁned with different features to
represent different physical mechanisms. In this study, the laws
are assumed to be rate-independent and only perfectly brittle frac-
ture of the skin is examined.2.2.1. Unfailed interfaces
The interface laws used to represent perfect adhesion between
sub-beams in the intact portion of the skin, Fig. 1c, are deﬁned by
steep linear elastic branches up to critical values of the interfacial
mode I and mode II displacements, wN0 and w
S
0,
TNi;iþ1 ¼ kNi;iþ1wNi;iþ1 for 0 6 wNi;iþ1 6 wN0 ;
TSi;iþ1 ¼ kSi;iþ1wSi;iþ1 for 0 6 wSi;iþ1 6 wS0:
ð7Þ
The normal and tangential stiffnesses, kNi;iþ1 and k
S
i;iþ1, are chosen to
be very high to minimize errors due to the introduction of ﬁctitious
compliant surfaces in the body (Xu and Needleman, 1994).
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The interface law for unfailed interfaces can be used directly to
control crack evolution in the scheme (c) of Fig. 1 when the mate-
rial is assumed to be perfectly brittle. The interfacial tractions are
assumed to vanish beyond the critical interfacial displacements,
wN0 and w
S
0, and the areas under the curves deﬁne the mode I and
mode II fracture energies of the interface GIcr ¼ 1=2kNi;iþ1 wN0
 2 and
GIIcr ¼ 1=2kSi;iþ1 wS0
 2, which can be made different using different
values for wN0 and w
S
0; with this assumption the size of the cohesive
zone at a delamination tip is small, the crack quickly reaches the
small scale yielding condition during propagation and the model
reproduces LEFM results (Alfano and Crisﬁeld, 2001; Bruno et al.,
2003; Ortiz and Suresh, 1993).
Criteria for mixed-mode crack propagation are deﬁned through
failure envelopes, which are given in terms of relative crack
displacements or mode I and mode II components of the energy
release rate, GI and GII:
H wNi;iþ1
 wNi;iþ1
wN0
" #r
þ w
S
i;iþ1
wS0


r
¼ 1 or ð8aÞ
GI
GIcr
 	r=2
þ GII
GIIcr
 	r=2
¼ 1; ð8bÞ
where the constant r is used to describe fracture in different mate-
rials and H() is the Heaviside step function, H(n) = {1,n > 0;0,n < 0},
which ensures that the failure in mode I can only occur in tension.
For monotonically increasing interfacial displacements, the individ-
ual mode energy release rates of Eq. (8b) can be calculated a poste-
riori from stored interface variables (Allix et al., 1995; Chen et al.,
1999):
GI ¼ 
Z wN
i;iþ1
0
TNi;iþ1d w
N
i;iþ1
 
;
GII ¼ 
Z wS
i;iþ1
0
TSi;iþ1d w
S
i;iþ1
 
;
ð9Þ
where the upper limits of integration are the interfacial relative dis-
placements at the tip of the traction-free domain of a delamination.
In the applications presented in this paper, the skin has been as-
sumed to be perfectly brittle and a fracture criterion based on the
total energy release rate, G ¼ GI þ GII , has been used with r = 2 and
GIcr ¼ GIIcr ¼ Gcr in Eq. (8b), so that the crack propagates when
G P Gcr .
2.2.3. Contact law
In both subdivision schemes normal frictionless elastic contact
between the sub-beams along the delamination surfaces is as-
sumed. The interfacial contact tractions are given by:
TNi;iþ1 ¼ kcontacti;iþ1 wNi;iþ1;
TSi;iþ1 ¼ 0;
ð10Þ
where
kcontacti;iþ1 ¼ H wNi;iþ1
  2ET
hi þ hiþ1 ð11Þ
is the through-thickness stiffness of the contacting beam segments
and H wNi;iþ1
 
is the Heaviside step function. Accounting for the
presence of friction between the delamination surfaces would im-
ply non zero interface shear tractions TSi;iþ1 in the contact region;
this would not complicate the model greatly and could lead to
interesting alterations of the results presented in this paper.
2.2.4. Winkler nonlinear foundation and core–skin interface
The interaction between the lowest sub-beams and the core is
also described by interfacial tractions (Cavicchi and Massabò,2009a). In all regions where the core/skin interface is in compres-
sion the interfacial tractions describe the elastic–plastic response
of the core:
TNi;iþ1 ¼ Tf ¼ kwðzÞ for wðzÞ 6 wcr; ð12aÞ
TNi;iþ1 ¼ Tfcr for wðzÞP wcr; ð12bÞ
and TSi;iþ1 ¼ 0 for all w(z), with k the foundation elastic modulus per
unit width, w(z) the transverse displacement of the lowest sub-
beam, Tfcr and wcr the core yielding strength and critical displace-
ment (Fig. 2b). In thin sandwiches, where the core is uniformly
compressed in the thickness direction, the modulus of the founda-
tion per unit width is given by k = Ec/c, with Ec the core transverse
Young’s modulus and c the core thickness.
In the region where the core/skin interface is under tension, the
interface behavior is described by Eq. (12a) up to a critical value of
the interface tractions for which a cohesive fracture may initiate.
Cohesive fracture at the interface can then be studied using appro-
priate cohesive laws. In all applications presented in this paper the
skin has been subjected to a point force so that compressive trac-
tions at the core/skin interface are always much higher than the
tensile tractions and the interface is assumed not to experience
tensile fracture.
2.3. Solution methods
2.3.1. Static model, scheme (b) of Fig. 1
An arbitrary section of the beam shown in Fig. 1b may be inter-
sected by n delaminations with different states of contact along
each delamination surface. From Eqs. (1)–(5) and assuming static
loading conditions, the differential equations governing the re-
sponse of the n + 1 beam segments intersected by the section are:
EIiui;zz  jVGLTSiðui þwi;zÞ 
1
2
hi T
S
i;iþ1 þ TSi1;i
 
¼ 0;
jVGLTSiðui;z þwi;zzÞ  TNi;iþ1 þ TNi1;i ¼ 0;
ESiui;zz  TSi;iþ1 þ TSi1;i ¼ 0; i ¼ 1; . . . ;nþ 1;
ð13Þ
where the interfacial tractions TNi;iþ1 and T
S
i;iþ1 depend on all general-
ized displacements of the beam segments i and i + 1. TN and TS are
zero for internal beam segments that are not in contact (no bridg-
ing/cohesive mechanisms along the wake), TS0;1 and T
N
0;1 are exter-
nally applied pressures on the upper surface of the skin section,
TNnþ1;nþ2 ¼ Tf are the normal reactions of the Winkler foundation
and TSnþ1;nþ2 ¼ 0.
Since the traction laws describing the interfacial mechanisms
and the response of the core are piece-wise linear functions of
the relative crack displacements, the coupled differential equations
are linear with constant coefﬁcients and the characteristic alge-
braic equations can be found and general solutions constructed
for each section of the beam in all possible states of opening and
contact along the interfaces. The limit cases of the solution are
those of full coupling of the generalized displacements of the
n + 1 sub-beams, when all delaminated beam segments are in con-
tact, and no coupling, when all crack surfaces are open. Approxi-
mate analytical solutions can be found for the two limiting cases
of constrained-contact, which assumes that the deﬂections of the
sub-beams in the delaminated region are the same, thus prevent-
ing any openings or interpenetration, and unconstrained-contact,
which assumes no contact interaction between sub-beams and al-
low interpenetration. The two simpliﬁed models deﬁne upper and
lower bound solutions of the elastic-contact model of Eq. (10).
General solutions of the sub-systems for each section of the
beam are then used in a semi-analytic iterative procedure to deﬁne
the regions of contact and opening that are unknown a priori.
When the foundation is elastic or when plastic deformations
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cides with that in Andrews et al. (2006). When instead the loading
conditions or the progression of damage induce unloading of the
nonlinear foundation in its plastic phase, the problem requires an
incremental approach (Cavicchi and Massabò, 2009b, 2010).
The continuity conditions used within the iterative procedure to
ﬁnd the solution for the whole structure from the characteristic
equations of the beam sections, impose continuity of the transverse
and axial displacements and of the normal and shear stress resul-
tants and bendingmoments. Continuity in the rotations of the cross
sections of the beam segments at the crack tips, which is typically
assumed in solutions based on elementary beam theory, is not
imposed in order to account for near tip deformations (see Fig. in
Andrews and Massabò, 2007). Referring to the beam segments i,
i + 1 and j in the scheme of Fig. 1b, a discontinuity is then assumed
in the crack tip rotations, uj  ui = Duj,i and uj  ui+1 = Duj,i+1,
where the root rotations, Duj,i and Duj,i+1, depend linearly on the
stress resultants of the cross sections at the crack tip through com-
pliance coefﬁcients; the coefﬁcients have been calculated numeri-
cally from accurate two-dimensional solutions in Andrews and
Massabò (2007), for a wide range of orthotropic elastic constants
and positions of the delamination in the segment. Accounting for
crack tip root rotations substantially improves the beam theory
solution leading to accurate predictions of the displacement ﬁeld
in delaminated beams under general loading.
Crack propagation in the system is controlled by a fracture cri-
terion based on the energy release rates components Eq. (8b). The
delaminations are assumed to propagate collinearly and the energy
release rate for the collinear extension of each of the delaminations
in the beam is calculated using the J-integral (Rice, 1968) along a
path around each crack tip with due regard to the contributions
from root rotations and shear deformations. The expression for
the J-integral for crack tip i, at the coordinate zi, separating beam
segments j, i and i + 1 is:
G ¼ J ¼ 1
2
Xiþ1
l¼i
M2l
Eh3l =12
þ 6
5
V2l
GLThl
þ N
2
l
Ehl
þ 2VlDuj;l
 !"
 M
2
j
Eh3j =12
 6
5
V2j
GLThj
 N
2
j
Ehj
#
; ð14Þ
where Nk, Vk,Mk, for k = i, i + 1, j, are the stress resultants at the crack
tip cross sections in the beam segments i, i + 1 and j. The individual
components of the energy release rate, GI and GII , are calculated uti-
lizing the semi-analytic expressions derived in Andrews and
Massabò (2007). The solutions extend the analytical expressions ob-
tained by Suo (1990) for delaminated beams subjected to axial forces
and bendingmoments to account for the effects of shear and near tip
deformations in homogeneous orthotropic beams (solutions for iso-
tropic bi-material beams can be found in Li et al. (2004)). The mode I
and mode II components of the energy release rate at the crack tip i
depend on the crack tip stress resultants, the root rotation compli-
ance coefﬁcients and the elastic constants of the material.
2.3.2. Dynamic model, scheme (c) Fig. 1
An arbitrary section of the beam shown in Fig. 1c may be inter-
sected by n interfaces with different states of contact/cohesion
along each interface surface. The dynamic equilibrium equations
(3)–(5) of the sub-beam i are deﬁned in matrix form as follows1
(Andrews et al., 2009):
Kð2Þi v
00
i1;i;iþ1þKð1Þi v0i1;i;iþ1þKð0Þi vi1;i;iþ1þTi1;i;iþ1¼Mi€vi1;i;iþ1; ð15Þ1 Eq. 6a in Andrews et al. (2009) contains typographical errors (the term
Kð0Þi vi1;i;iþ1 on the LHS is missing); also, Eqs. 6 and 8b in this paper correct Eqs. 7
and 9 in Andrews et al. (2009).where v is the 9 component vector of the generalized displacements
of the segments i  1, i, and i + 1 and T is the 3 component vector of
the distributed generalized loads acting along the longitudinal axis
of the sub-beam i resulting from the interface tractions between
sub-beams i  1, i and i + 1:
vi1;i;iþ1¼ wi1;ui1;/i1;wi;ui;/i;wiþ1;uiþ1;/iþ1

 T
; ð16aÞ
Ti1;i;iþ1¼ 12hi T
S
i;iþ1þTSi1;i
 
;TNi;iþ1þTNi1;i;TSi;iþ1þTSi1;i
 T
; ð16bÞ
K(2), K(1), K(0) andM are stiffness and mass 3 by 9 matrices uniquely
deﬁned by the geometry and elastic properties of the face-sheet::
Kð0Þi ¼
0 0 0 0 0 Gi 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
2
64
3
75;
Kð1Þi ¼
0 0 0 Gi 0 0 0 0 0
0 0 0 0 0 Gi 0 0 0
0 0 0 0 0 0 0 0 0
2
64
3
75;
Kð2Þi ¼
0 0 0 0 0 Di 0 0 0
0 0 0 Gi 0 0 0 0 0
0 0 0 0 Ai 0 0 0 0
2
64
3
75;
Mi ¼
0 0 0 0 0 qmIi 0 0 0
0 0 0 qmSi 0 0 0 0 0
0 0 0 0 qmSi 0 0 0 0
2
64
3
75:
ð16cÞ
In the dynamic model, the solution is found by discretizing the
problem using one-dimensional space and time grids and applying
a ﬁnite difference numerical scheme with second order accuracy.
The discretized governing equations for the entire beam cross sec-
tion at the coordinate zl of the grid point l at time step m is found
by stacking the discretized forms of the dynamic equilibrium equa-
tions (15), one for each of the sub-laminates i = 1, . . . ,n + 1. The gov-
erning equations for all beam sections l are then combined into a
single matrix equation and boundary conditions are applied with
all derivatives approximated as one-sided differences. The ﬁnal ma-
trix equation at time step m is of the form:
M€vðmÞ ¼ KðmÞvðmÞ þ FðmÞ; ð17Þ
where v(m) is a vector of the generalized displacements wi, ui, /i of
all beam segments i = 1, . . . ,n + 1 in each beam section correspond-
ing to each grid point l, M is the mass matrix and F(m) contains all
contributions from uniformly applied loads and interfacial trac-
tions. The stiffness matrix K(m) depends on time due to the non-lin-
earity of the interfaces. The time integration technique is based on
the implicit, unconditionally stable, alpha-method (Chung and
Hulbert, 1993), which maximizes numerical dissipation of high-
frequency oscillations. The regions of contact and cohesion, which
are unknown a priori, are deﬁned through an iterative numerical
procedure. Further details on the solution can be found in Cavicchi
and Massabò (2009b) and in the appendix of Andrews et al. (2009).
2.4. Limitations of the proposed approach and model validation
The main simplifying assumptions of the proposed models are:
(a) the description of the problem using one-dimensional beam
theory and (b) the description of the core as a nonlinear Winkler
foundation.
Under quasi-static loading and at sufﬁcient distance from con-
centrated applied forces, the approximation of the continuous core
as a Winkler foundation is sufﬁciently accurate when the wave-
length of the oscillations of the skin on the core, k ¼ 2
ﬃﬃﬃ
2
p
pðkb=kÞ1=4
with kb the bending stiffness per unit width of the skin, is much lar-
ger than the thickness of the skin, h, at all loading phases, k h, and
Fig. 3. (a) Dimensions and boundary conditions and (b) time dependent load shape
and duration.
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case in typical composite sandwich beams (Zenkert et al., 2004).
For smaller ratios k/h, the inﬂuence of shear stresses in the core
could be accounted for using a two-parameter foundation model
(Thomsen, 1995; Vlasov and Leont’ev, 1960), while for shortwave
indentation, when k  h, a continuous foundation model would be
required. In the latter two cases the problem could also be reformu-
lated using high-order beam and plate sandwich theories, which
also account for the nonlinear response of the core (Frostig et al.,
1992; Schwarts-Givli and Frostig, 2001). The Winkler foundation
assumption is adequate to describe the core also in the post-elastic
regime since compressive yielding in polymeric foams is in accor-
dance with a maximum principal stress criterion and plastic shear
straining of the core does not induce shear stresses to the face sheets
and only provide normal tractions (Steeves and Fleck, 2004a,b). In
composite sandwich beams where the wavelength of the oscilla-
tions of the skin on the core is much larger than the core thickness,
k c, the core is almost uniformly compressed in the thickness
direction and the foundationmodulus per unitwidth is independent
of the wavelength and given by k = Ec/c. In all cases where the com-
pressive stresses in the core are not uniform over the thickness, the
modulus of the Winkler foundation can be deﬁned as k = Ec/ceq,
where ceq is an equivalent thickness, ceq< c, which depends on the
relevant wavelength of the problem (Bazant and Grassl, 2007;
Vlasov and Leont’ev, 1960).
In terms of inertia effects, the Winkler foundation is assumed to
be mass less to approximate the behavior of sandwiches with light
cores. The Winkler approximation does not allow the study of
wave propagation and reﬂection which occur in the thickness
direction in the early stages of dynamic loading and is appropriate
when the behavior is dominated by the ﬂexural waves in the skin.
The model therefore should not be applied if the main interest
were on damage mechanisms occurring in the core. In this work fo-
cus is on the inﬂuence of the elastic–plastic response of the core on
the fracture behavior of the skin and the Winkler foundation
approximation is therefore sufﬁciently accurate.
The accuracy of the proposedmodel to predict crack propagation
in the face-sheet in the quasi-static regime has been gauged in
Andrews and Massabò (2008) where the energy release rate and
stress intensity factors predicted by the proposed model in the case
of a single skin laminate (limit of the soft core) have been compared
with accurate ﬁnite element solutions and the experimental results
in Robinson et al. (1999). The comparisonwith experimental results
on typical unidirectionally reinforced laminates additionally vali-
dates the assumption of the laminated skin as a perfectly brittle
material, which has been used in all applications of the model.
The accuracy of the model to predict dynamic crack propagation
in the skin has been gauged in Andrews et al. (2009) where time
histories of the energies involved in the problem and crack length
extension obtained with the proposed model in the limit of a soft
core have been compared with accurate ﬁnite element solutions
obtained in Camacho and Ortiz (1996) for a double cantilever beam
loaded dynamically.
The model has not been used in this study to predict crack ini-
tiation, and the potential fracture surfaces (interfaces) have been
chosen in the applications as the layers of pre-existing delamina-
tions. Crack initiation could be studied using a larger number of
cohesive interfaces (Williams and Addessio, 1998).
The additional assumption that the sandwich beam is continu-
ously supported by a rigid plane makes the solution applicable to
beams where global bending effects are negligible, namely to
beams supported by sufﬁciently rigid frames. When global bending
is not negligible, other damage mechanisms (e.g. core shear failure)
along with geometric instabilities of the compressed skin might
develop and inﬂuence the mechanical response (Campi and
Massabò, 2011; Daniel et al., 2002; Steeves and Fleck, 2004a).3. Interaction effects of multiple damage mechanisms: quasi-
static loading
In this section results will be presented for quasi-static loading
conditions. The analytical and semi-analytical solutions highlight
some of the relevant features of the behavior, which are present
also in the dynamic case, and well describe problems where inertia
effects are negligible.
All applications in this and the following sections refer to a
homogeneous and orthotropic/isotropic and perfectly brittle beam
with n central, equally spaced delaminations of half lengths ai,
i = 1, . . . ,n, loaded by a concentrated point force per unit width P
at the mid-span. The point force is used in the examples as the lim-
iting and most severe case of a force distributed over a small ﬁnite
area. The beam, of length 2L, is assumed to be sufﬁciently long so
that the solution is unaffected by the boundary conditions at the
beam ends, which are assumed to be perfectly clamped (Fig. 3).
A reference solution that explains some of the features of the re-
sponse is that of a beam on aWinkler elastic foundation with mod-
ulus (per unit width) k; the beam has bending stiffness per unit
width kbr given by the sum of the bending stiffnesses of the dela-
minated arms, namely kbr = kb/(n + 1)2 and kb = 1/12Eh3 (=bending
stiffness per unit width of the intact beam). The displacement
and internal force ﬁelds of the beam are logarithmically damped
sinusoidal functions of the longitudinal coordinate with spatial
periodicity kr ¼ 2
ﬃﬃﬃ
2
p
pðkbr=kÞ1=4; and the amplitudes of the oscillat-
ing ﬁelds decrease on increasing the distance from the load as
e2pz=kr ; when the half length L > kr, the applied load is essentially
equilibrated by the foundation, while when L < kr part of the load
is equilibrated by the reactions at the ends of the beam and the
solution is inﬂuenced by the boundary conditions.
According to dimensional analysis (Buckingham, 1915) and by
choosing E and h as fundamental set of dimensionally independent
quantities, the dimensionless critical load per unit width for the
propagation of a delamination in the skin, Pcr/(Eh), depends on
three sets of dimensionless groups:Pcr
Eh
¼ f hk
E
; kort;qort;
GIcr
Eh
;
GIIcr
Eh
;
Tfcr
E
;
L
h
;
hi
h
;
ai
h
ði ¼ 1; . . . ;nÞ;n
" #
: ð18ÞThe ﬁrst set deﬁnes the elastic constants of the materials: the ratio
hk/E is the dimensionless foundation modulus per unit width and
kort = ET/E and qort ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
ETE
p
=ð2GLTÞ  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃmLTmTLp are the skin non-dimen-
sional orthotropy ratios, which depend on the four elastic constants
of plane elasticity; the second set deﬁnes strength and fracture
properties: GIcr/(Eh) and GIIcr/(Eh) are the dimensionless fracture
energies and Tfcr=E is the dimensionless core yielding strength;
and the last set of dimensionless parameters deﬁnes the geometry:
L/h is the dimensionless beam half-length, hi=h the dimensionless
thickness of the sub-beam i and ai/h the dimensionless half length
of the n delaminations in the skin.
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A simple dimensionless relationship exists between the critical
load per unit width for the propagation of a single delamination in
the skin and the length of the delamination when: (i) the core is
elastic, (ii) shear and near tip deformations are neglected, namely
the skin is modeled as an elementary Euler–Bernoulli beam, and
(iii) the crack propagates according to the global energy release
rate criterion G = GI + GII = Gcr:
Pcrﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p E
hk
 	1=4
¼ f1 akr
 	
ð19Þ
The relationship, which is depicted by the solid curve in the dia-
gram of Fig. 4a, shows that the wavelength of the oscillations kr is
the characteristic length scale of the problem. The dashed curve in
the diagram deﬁnes the response of a clamped–clamped beam in
the absence of the foundation, given by Pcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p
¼ 2
ﬃﬃﬃ
2
p
=3ðh=aÞ
(Andrews et al., 2006) and in the dimensionless form of Eq. (19)
by Pcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p
ðE=hkÞ1=4 ¼ 2kr=ðap33=4Þ. The response of the sand-
wich beam tends to this limit for small values of the ratio a/kr,
namely for short cracks or large values of kr, which occur in the
case of beams with soft cores and k? 0. Crack propagation in this
limit is unstable and not inﬂuenced by the presence of the
foundation.
For larger values of a/kr, the foundation has an important inﬂu-
ence on the response of the system and the critical load for crack
propagation becomes a monotonically increasing function of the
crack length up to a maximum, which corresponds approximately
to ab  kr=2 ¼
ﬃﬃﬃ
2
p
pðkbr=kÞ1=4; this behavior is due to the shieldingFig. 4. (a) Dimensionless critical load for the propagation of a central, mid-plane
delamination in the skin as a function of the delamination length in a sandwich
beam with an elastic core and (b) relative amount of mode II to mode I stress
intensity factors for the mid-plane crack of diagram (a), where KI ¼
ﬃﬃﬃﬃﬃﬃﬃ
GIE
p
and
KII ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
GIIE
p
(homogeneous face-sheet, shear and near tip deformations neglected,
fracture criterion: G ¼ GI þ GII ¼ Gcr , L/k = 2).produced by the reactions of the elastic foundation on the crack
tip stress ﬁeld. Crack propagation occurs in this range in pure mode
II conditions, as detailed in the mode ratio diagram of Fig. 4b,
which shows the relative amount of mode II to mode I stress inten-
sity factors obtained through the relationships derived in Andrews
and Massabò (2007), where KI ¼
ﬃﬃﬃﬃﬃﬃﬃ
GIE
p
and KII ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
GIIE
p
. After the
peak the response becomes unstable and dominated by delamina-
tion openings: a transition is observed in the local crack tip ﬁelds
from pure mode II to mixed mode for a  ab (Cavicchi and Massabò,
2009b).
The maximum in the curve of Fig. 4a indicates the existence of a
local energy barrier to crack propagation. The location of the bar-
rier, with respect to the applied load, depends on the oscillating
crack tip ﬁelds that characterize the response of a beam on an elas-
tic foundation and that lead to a vanishing energy release rate
when the crack length is ab  kr/2. If delamination openings were
prevented (constrained model), a series of energy barriers for crack
lengths multiple of ab would be found in the solution of the prob-
lem due to the oscillating ﬁelds, and the critical load for crack
propagation at the barriers would diverge. This behavior is similar
to that of a double cantilever beams where linear bridging mecha-
nisms acting along the wake of the crack shield the crack tip from
the applied load (Massabò and Cox, 2001).
The presence of just one energy barrier in Fig. 4a instead of sev-
eral is a consequence of the opening of the delamination that
occurs for a  ab when the upper arm of the delaminated beam
does not follow the oscillations of the lower arm, which is directly
attached to the foundation. In the range of delamination lengths
for which this happens, the effects of the applied load on the stress
ﬁeld at the crack tip are mainly due to the action of the upper arm
and the spatial periodicity is lost.
The energy barrier acts as a crack arrester and its presence is
conﬁrmed by experimental observations showing that multiple
delamination damage in the face-sheet produced by low velocity
impact typically remains localized near the applied load (Schubel
et al., 2005). The position and magnitude of the barrier can be opti-
mized in order to control damage in the face sheet by tailoring the
geometric and constitutive parameters. If the system behaves as
purely elastic-brittle as in Fig. 4, the normalized distance of the en-
ergy barrier from the load point, ab/kr, is ﬁxed; as a consequence,
the barrier gets closer to the applied load and damage extension
will be reduced by reducing the wavelength kr or, which is the
same, the skin/foundation stiffness ratio, kbr/k; this can be done
by increasing the foundation stiffness k or decreasing the bending
stiffness of the face sheet, which is proportional to Eh3. Stiffer foun-
dations also leads to higher values of the maximum load at the bar-
rier. In a typical composite sandwich made of a Divinycell H100
foam core and glass-ﬁber epoxy face sheets, with k = Ec/c, Ec=
120 MPa, E = 30 GPa, c = 20 mm and t = 4 mm, the distance of the
barrier from the applied load is 40 mm. With a stiffer core, e.g.
a Divinycell H200 with Ec = 280 MPa, the distance of the barrier
gets reduced and the maximum critical load at the barrier in-
creased by 20%. Opposite considerations hold if the design require-
ment is to improve the energy absorption capability of the system,
in which case softer cores would facilitate the dissipation of energy
through the formation of new fracture surfaces.
Increasing the bending stiffness of the face sheet, through E and
h, has a negative effect on damage control, since it increases the
distance of the barrier from the applied load, however it has a po-
sitive effect on the critical load for crack propagation at all lengths.
This is important in beams with soft cores, where the distance of
the barrier from the load is large and the shielding provided by
the foundation becomes negligible (dashed curve in Fig. 4a) or
when the design requirements impose the absence of any damage,
namely for a/kr? 0; in this case improving the skin bending stiff-
ness or increasing the fracture energy of the face-sheets are the
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sponse of the purely elastic–brittle system.
3.2. Elastic core: inﬂuence of shear and near tip deformations and
multiple delamination fracture
The fracture behavior of the system when, in addition to the
assumptions of the previous section, n equally spaced delamina-
tions are present in the skin, is controlled by the following
relationship:
Pcrﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p E
hk
 	1=4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2
3
nþ 2
nþ 1
r
¼ f2 aikr ði ¼ 1; . . . ;nÞ; n
 	
ð20Þ
The behavior is presented in the diagram of Fig. 5a, which shows the
response of a beam with one mid-plane delamination (thick solid
line) and two equally spaced delaminations of the same initial
lengths (thin line). In the initial phase of propagation, when the
cracks are under pure mode II conditions and with the new dimen-
sionless form of the critical applied load given in Eq. (20), the func-
tion f2 in Eq. (20) coincides with f1, Eq. (19), and is independent of
the number of delaminations n. The cracks propagate simulta-
neously until they approach the location of the energy barrier ab,
which essentially coincides with that of a single crack system. Near
the barrier the driving force of the delamination crack closer to the
core becomes higher than that of the upper crack, which arrests; the
lower crack continues to propagate alone for a value of the critical
load (thin line) lower than that predicted for a single delamination.
If the initial lengths of the cracks in the skin are different, as in
the diagram of Fig. 5b, in the initial phase of mode II propagation,
the shorter cracks always propagate to reach the longer crack; then
simultaneous propagation follows until the cracks reach the loca-
tion of the energy barrier where only the crack closer to the coreFig. 5. (a) Dimensionless critical load for the propagation of skin delaminations as a
function of the delamination lengths in a sandwich beam. (b) Crack propagation
characteristics in a system with 2 equally spaced delaminations with initial lengths
a0U = h (upper) and a0L = 5h (lower) (shear and near tip deformations neglected;
homogeneous skin; L/k = 2; fracture criterion: G ¼ GI þ GII ¼ Gcr).continues to propagate. If the delaminations in the skin are not
equally spaced in the thickness, the propagation of just one delam-
ination of the system may be anticipated due to delamination
openings (see Andrews et al., 2006; Andrews and Massabò, 2008
and for the limit case of a soft core).
When shear and near tip deformations are accounted for in the
solution, the fracture response of a purely elastic-brittle system, is
controlled also by the dimensionless groups hk/E, kort = ET/E and
qort ¼ ﬃﬃﬃﬃﬃﬃﬃETEp =ð2GLTÞ  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃmLTmTLp through Eq. (18). The diagrams in
Fig. 6a and b refer to an isotropic skin (kort = qort = 1) and an ortho-
tropic skin with kort = 0.07 and qort = 2.5 (unidirectional carbon-
epoxy laminate); they highlight the inﬂuence of the dimensionless
group hk/E on the solution. The response of the system for delam-
ination lengths sufﬁciently shorter than ab is only slightly modi-
ﬁed; the main difference is a reduction of the maximum critical
load on increasing the stiffness ratio E/hk; the reduction is around
15–30% for E/hk = 104  103, which is a typical range for composite
sandwiches.
If the mode I and mode II fracture energies of the face-sheet
were different, quantitative changes would be expected in the re-
gime where the crack tip conditions are mixed-mode; however
the characteristic features of the diagram in Fig. 4 would be main-
tained. Similarly, accounting for friction along the faces of the crack
is not expected to modify the general conclusions since in the re-
gime of mode II crack propagation contact between the crack faces
occurs only near the applied load.
3.3. Inﬂuence of the plasticity of the foundation on the fracture
response
When compressive yielding of the foundation takes place in the
system, the solution of the problem becomes in general quite com-
plex and requires an incremental approach: the behavior is history
and path dependent, energy is dissipated in the plastic deforma-
tion of the foundation in addition to that used to create new frac-
ture surfaces in the skin, elastic unloading of the foundation takes
place when the cracks propagate unstably and plastic deformations
upon unloading are irreversible. However, in all regimes where the
propagation of the cracks is stable, namely when the critical load to
propagate the cracks is a monotonically increasing function of the
crack lengths, the response is again described by a simple and un-
ique relationship. If (i) shear and near tip deformations are ne-
glected and (ii) the crack propagates in accordance with a global
energy criterion, the dimensionless critical load for the propaga-
tion of a single skin delamination (Eq. (19) for an elastic–brittle
system) now depends on two dimensionless groups:
Pcrﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p E
hk
 	1=4
¼ f3 akr ;
Tfcrﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
 !
; ð21Þ
and is depicted in Fig. 7 as a function of the normalized crack length
for different values of the group Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
(thick lines). The dashed
curve in the diagram, which is partly covered by the solid curve (a)
for a/h < 0.42, refers to an elastic foundation. The intercepts of the
thick and dashed curves deﬁne the lengths of the crack for which
the core reaches the elastic limit: for Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
corresponding to
the curves (a), (b) and (c), core plasticity occurs only after the crack
has propagated over a certain length; for the curves (d) and (e),
which are always below the elastic curve, core plasticity always
precedes crack propagation (Cavicchi and Massabò, 2009b).
Compressive yielding of the core reduces the shielding of the
fracture parameterswith respect to the elastic-brittle systemso that
the maximum load decreases and the energy barrier moves away
from the applied load when the dimensionless yielding strength is
reduced. Increasing the stiffness of the core continues to have a po-
sitive effect on the position of the energy barrier. On the other hand,
Fig. 6. Inﬂuence of shear and near tip deformations on the critical load for the propagation of a mid-plane delamination in the skin in: (a) a sandwich beam with a
homogeneous isotropic skin and (b) a sandwich beam with a homogeneous orthotropic skin with kort = 0.07 and qort = 2.5 (unidirectional carbon-epoxy laminate) (L/k = 2;
fracture criterion: G ¼ GI þ GII ¼ Gcr).
Fig. 7. Inﬂuence of the plasticity of the foundation on the critical load for the propagation of a mid-plane delamination in the skin (homogeneous and isotropic face-sheet, L/
k = 2, E/hk = 103, fracture criterion: G ¼ GI þ GII ¼ Gcr).
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cores so that ﬁrst yielding of the foundation is anticipated in beams
with elastic–plastic cores and the same yielding strength when the
dimensionless group Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
is reduced by increasing k. However,since the compressive yielding strength of polymer foam cores
typically depends linearly on the stiffness of the core, stiffer or den-
ser cores lead to larger values of the dimensionless group Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
and consequently to higher maximum loads.
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the normalized crack lengths for which the curves uniquely
describe the response of the system. For crack lengths larger than
the limit values the curves deﬁne the critical load required to prop-
agate a crack that reached that length propagating from a shorter
initial length, while the critical load for the initial propagation of
a crack of that given length differs. This behavior is explained in
the diagrams of Fig. 8, where some of the ‘‘propagating’’ curves
of Fig. 7 are compared with the thin curves describing the critical
load for the ‘‘initial propagation’’ of a crack of a given initial length.
The thin curves partially superpose onto the thick curves in the ini-
tial part of the diagram, then at the limit value they have a discon-
tinuity followed by a different branch.
The diagram (b) in Fig. 8 refers to the case Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
¼ 14:14
and shows the normalized energy release rates of cracks of differ-
ent lengths, close to the discontinuity, as functions of the dimen-
sionless applied load. The curves show that for crack lengths
shorter than the limiting value, the critical condition for the energy
release rate, when G ¼ Gcr , is reached for one value of the applied
load only while for larger crack lengths the critical condition occurs
at two different values. The lower value of the applied load corre-
sponds to the initial propagation of the crack of a given length: the
crack is in mixed mode conditions in the presence of delamination
openings and the plastic region has not yet extended up to the
crack tip. The higher value of the applied load corresponds to the
propagation from a shorter crack when the plastic region has al-
ready extended close to the crack tip and the deformation of the
core has substantially modiﬁed the crack tip conditions shielding
the stress ﬁeld and reducing the mode I components (Cavicchi
and Massabò, 2009b; Massabò and Cavicchi, 2009).. . . .
Fig. 8. Non unique fracture response of the system in the presence of core plasticity; (a) c
the propagation of a crack from a shorter initial length (thick lines); (b) normalized e
Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
¼ 14:14; points A and B correspond to the discontinuity in the curve (a) of diag
G ¼ GI þ GII ¼ Gcr).3.4. Transitions in damage progression in elastic–plastic–brittle
systems
The theoretical results presented in Fig. 7 refer to a beam with a
single mid-plane delamination and a perfectly brittle skin. In real
structures multiple delamination is likely to occur in the skin,
especially if the beams are impacted dynamically, and the fracture
response of the skin is typically nonlinear and described by a cohe-
sive traction law. However, the theoretical results of Fig. 7 explain
transitions in damage behavior observed in low velocity impact
tests.
In Daniel (2010) experimental results are reported of low veloc-
ity impact tests conducted using a drop tower apparatus on com-
posite sandwich beams made of unidirectional carbon-epoxy
face-sheets and close cells PVC foam cores. The beams, loaded in
three-point bending, were impacted with a ﬁxed mass from differ-
ent drop heights leading to different impact energies. The experi-
mental observations of damage and failure are summarized in
Fig. 9c and highlight a fundamental difference between sandwich
beams with denser and lighter cores. In beams with denser cores
(PVC H250), failure occurs due to face sheet delamination for large
values of the impact energy (or impact load) while the core is still
elastic. In beams with lighter cores (PVC H80) different failure
mechanisms are observed on varying the energy input level: and
while for low energy input failure is due to core indentation, for
larger energy inputs core indentation couples with skin delamina-
tion fracture and for even larger values skin penetration takes
place.
The dimensions of the beam in Daniel (2010) were: h = 1 mm,
c = 25 mm, b = 25.4 mm, 2L = 254 mm. Representative values for. . .
ritical loads for the initial propagation of a crack of a given length (thin lines) and for
nergy release rate as a function of the applied load for different crack length and
ram (a) (homogeneous and isotropic face-sheet, L/k = 2, E/hk = 103, fracture criterion:
Fig. 9. Identiﬁcation of regimes characterized by different damage and failure mechanisms on varying the applied load and the dimensionless yielding strength of the
foundation. Diagrams (a) and (b) simulate the response of the beams tested in low velocity impact in Daniel (2010); table (c) describes the experimentally observed failure
mechanisms. For the geometry given in Daniel (2010), Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
¼ 1:3, (a), deﬁnes a typical composite sandwich with unidirectional carbon-epoxy face-sheets and a PVC H80
core (soft core) and Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
¼ 7:07, (b), deﬁnes a typical composite sandwich with a PVC H250 core (denser core).
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Ec = 300 MPa (PVC H250) and Ec = 80 MPa (PVC H80), Gcr = 0.09 kJ/
m2, Tfcr ¼ 7:2 MPa (PVC H250) and Tfcr ¼ 0:65 MPa (PVC H80), which
lead to: Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
¼ 6:9 (PVCH250) and Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
¼ 1:2 (PVCH80).
The ﬁrst natural periods of vibration of the skin on the elastic
core in the two beams are around t1  0.08 ms (PVC H250) and
t1  0.16 ms (PVC H80) (see next section), while the duration of
the load impact was around tm  10 ms (PVC H250) and tm  20 ms
(PVC H250) (Daniel, 2010). Since t1 tm, the quasi-static approxi-
mation well describes the response of the systems (see next
sections).
In the diagrams of Fig. 9 the curves that describe the critical
load for the propagation of a single delamination in the skin and
correspond to values of the dimensionless group Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
close
to those deﬁned above are compared with the curves describing
ﬁrst yielding of the core (dashed lines). The diagram (a) shows that
on increasing the applied load the beam with a PVC H80 core will
ﬁrst indent at a value of the dimensionless load around 2 (corre-
sponding to a maximum impact load of 400 N in the beam tested
experimentally), plastic deformation will arise for larger values of
the applied load until face-sheet delamination will occur for values
larger than 2.5 (500 N). For larger values of the applied load core
indentation will couple with face-sheet delamination. In the beam
with a PVC H250 core, on the other hand, face-sheet delamination
is likely to occur while the core is still elastic for values of the
dimensionless load lower than 11 (corresponding to a maximum
applied load of 3050 N). If face-sheet delamination does occur, it
does so in the absence of plastic deformation of the core and
delamination fracture is unstable and it is only for large values of
the crack length that crack growth becomes stable and plastic
deformations of the core will take place.4. Interaction effects of multiple damage mechanisms: dynamic
loading
When the load is applied dynamically, some of the features of
the static solution remain present; however, due to the inertia ofthe system, substantial dynamic effects arise and cause quantita-
tive and qualitative changes in behavior in some regimes. In the
following sections the response of homogeneous and isotropic
beams with E/hk = 103 subjected to triangular pulse forces of dura-
tion tm and maximum applied load Pmax = P(t = tm/2) is examined
(Fig. 3b). The geometry of the beams is the same used in the previ-
ous applications: clamped–clamped with a central, mid-plane
delamination and L/k = 2. The model schematic in Fig. 1c has been
used with the sub-beams deﬁned by the pre-existing delamination
planes.
The set of dimensionally independent quantities, E and h, cho-
sen for the dimensional analysis in the quasi-static case, in now en-
riched by the time variable, which is chosen as the ﬁrst period of
vibration of the face-sheet on the elastic foundation, t1 (calculated
preventing delamination openings). The beam is assumed to be
long and the period essentially coincides with the fundamental
period of vibration of an inﬁnitely long intact beam
t1 ﬃ tlim ¼ 2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qmh=k
p
. The relationship (18), which deﬁnes the
dimensionless critical load for the propagation of a skin delamina-
tion as a function of the dimensionless groups controlling the
behavior, is then modiﬁed with the addition of the group tm/t1 on
the right hand side.4.1. Stationary delaminations in elastic–brittle systems
In face-sheets with stationary delaminations, which are not al-
lowed to propagate, dynamic effects reduce the shielding of the
fracture parameters produced by the elastic foundation for all
but the shortest load durations; in addition, in the free vibration
phase after the removal of the load, induce crack openings and
mode I effects that would not be present if the load were applied
and removed quasi statically.
Fig. 10a and b refers to a stationary delamination of length a/
k = 0.1 in a long beam resting on an elastic core loaded by a trian-
gular pulse force with duration tm = t1; the dimensionless diagrams
are time histories of (a) the displacements of the two delaminated
arms at the load point, which have been normalized to the static
Fig. 10. Time histories of (a and c) the displacements of the delaminated arms at the load point and (b and d) the energy release rate components in beams on elastic
foundations with central, mid-plane, stationary delaminations of lengths a/k = 0.1 (a and b) and a/k = 0.3 (c and d). The beams are subjected to a triangular pulse force of
duration tm = t1; wst is the load point displacement of the system statically loaded with Pmax (homogeneous and isotropic face-sheet, L/k = 2, E/hk = 103). Shape and duration of
the load are plotted with dotted lines and an arbitrary scale in the ordinates.
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components, GI;IIEh=P
2
max
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hk=E
p
. Diagram (a) shows that the upper
and lower arms of the beam have approximately the same dis-
placements during the application of the load while in the free
vibration phase they oscillate with different amplitudes: the upper
arm has larger oscillations than the lower, which is constrained by
the foundation; as a consequence, the delamination opens. This
phenomenon generates a mode I component of the energy release
rate (diagram b) that is not present when the load is applied and
removed quasi-statically (Cavicchi and Massabò, 2010).
The diagrams in Fig. 10c and d refer to a system with a longer
delamination, a/k = 0.3. In this case the upper and lower arms of
the delaminated beam oscillate with different periods and ampli-
tudes in the free vibration phase and the mode I energy release rate
becomes almost an order of magnitude higher than the mode II
component during the loading phase.
The phenomena observed in Fig. 10 profoundly affect the en-
ergy barriers observed in the quasi static case. In Fig. 11 the max-
imum values of the total energy release rate, Gmax, calculated
during the application of the load, diagram (a), and overall (during
and after the application of the load), diagram (b), are presented as
functions of the normalized length of the delamination for differ-
ent load durations. The dashed curves in the ﬁgure depicts the qua-
si-static solution and deﬁnes the maximum values of the energy
release rate for static conditions, Gst , calculated at peak load; the
minima of the dashed curves deﬁne the quasi-static energy barrier
at ab  kr/2. During the application of the load, (a), dynamic effects
generally amplify the fracture parameters with respect to the static
case, but for very small load durations; the energy barrier is still
present and the quasi-static position of the barrier is maintained.
However dynamic ampliﬁcation, deﬁned by the ratio Gmax=Gst ,
can be even an order of magnitude higher at the barrier than at
smaller crack lengths so that its effect on crack growth and arrest
is much reduced (see also Fig. 12b). This phenomenon is exacer-
bated during the free vibration phase, (b), when the ampliﬁcationof the fracture parameters can be one order of magnitude greater
than during the forced vibrations and the energy barrier essentially
disappears (overall maxima have been calculated over the time
necessary for the delamination surfaces at the load point to fully
open and close back).
The energy release rate maxima calculated during the loading
phase, are normalized in Fig. 12a and b to the maximum values
for static conditions, Gst , and shown as functions of load duration
tm/t1 and normalized delamination length. Dynamic ampliﬁcation
is maximum for tm/t1 = 0.5 and when the crack tip approaches
the static energy barrier (results for a/kr = 0.56 = ab are not shown
because they are an order of magnitude higher); and no dynamic
effects are observed for tm/t1P 2, when the solution approaches
the static results. Dynamic effects become negligible for small nor-
malized delamination lengths when also the inﬂuence of the elas-
tic foundation on the response vanishes (e.g., for a/kr = 0.07, Gmax/
Gst = 1.02–1.07). In the free vibration phase (not shown) the shape
of the curves observed in Fig. 12a and b is maintained while the
overall maxima increase, even by an order of magnitude, and max-
imum dynamic ampliﬁcation occurs for tm/t1 = 0.75.
The results in Figs. 10–12 refer to an isotropic beam with kort =
qort = 1 and E/hk = 103. The orthotropy of the material or changes in
the ratio E/hk in the range 104 < E/hk < 102, which comprises
most practical applications, only have quantitative effects on the
values of the energy release rate that increases on increasing E/
hk, as in the static case.
4.2. Inﬂuence of the plasticity of the foundation on the dynamic
response of stationary delaminations
Plastic deformations of the foundation profoundly inﬂuence the
response of systems of stationary delaminationswhen they are sub-
jected to dynamically applied loads (Massabò and Cavicchi, 2009).
The diagrams in Fig. 13 refer to a long isotropic beam subjected to
a triangular pulse force with peak value Pmax and duration tm = t1
Fig. 11. Maximum values of the dynamic energy release rate of a central, mid-plane stationary delamination measured (a) during the application of the load and (b) overall
(during and after the application of the load) shown as functions of the length of the delamination on varying the load duration. (homogeneous and isotropic face-sheet, L/
k = 2, E/hk = 103).
Fig. 12. Maximum values of the dynamic energy release rate measured during the application of the load and shown as functions of (a) load duration and (b) crack length.
Energy release rate maxima are normalized to the static values calculated at Pmax (homogeneous and isotropic face-sheet, L/k = 2, E/hk = 103).
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diagrams (a–c) show the maxima of the dimensionless energy re-
lease rate, GmaxEh=P
2
max
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hk=E
p
, versus the dimensionless yielding
strength of the core, Tfcrh=Pmax. Maxima have been calculated over
the loading phase (lower curves) and overall (upper curves).
In all cases, the maxima of the energy release rate in the loading
phase monotonically increase on decreasing the dimensionless
yielding strength, Tfcrh=Pmax, from the elastic limit for
Tfcrh=PmaxðE=hkÞ1=4 P 1: reducing Tfcr or increasing Pmax lead to lar-
ger transverse displacements and mode II energy release rates.The diagram in Fig. 13d refers to a beam with a/k = 0.2 and shows
the length of the plastic region, Lp, corresponding to the energy
maxima; the length has a similar dependence on Tfcrh=Pmax.
The overall maxima of the energy release rate show a transition
between the values corresponding to the elastic foundation solu-
tion, for Tfcrh=PmaxðE=hkÞ1=4 P 1, to those calculated over the load-
ing phase, for small Tfcrh=Pmax. The overall elastic solutions are
higher than those calculated in the loading phase due to the open-
ing mechanisms that take place in the free vibration phase and
generate high mode I energy release rates, especially for longer
Fig. 13. (a–c) Maximum values of the dynamic energy release rate of a central, mid-plane stationary delamination measured during and after the application of the load as
functions of the dimensionless yielding strength of the foundation; diagrams correspond to three different crack lengths. (d) Dimensionless plastic zone size as a function of
the dimensionless yielding strength of the foundation for the beam in (b). (e) Dimensionless diagrams of the energies involved in the problem for the beam in (b) versus the
foundation yielding strength. (homogeneous and isotropic face-sheet, L/k = 2, E/hk = 103).
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the overall maxima of G occur during the loading phase due to very
high mode II relative displacements. The transition of the overall
Gmax between the two limiting solutions is not monotonic and
shows a relative maximum, which is indicated in the ﬁgure by
the dashed lines. The relative maxima occur when the extension
of the plastic region equals the delamination length (Fig. 13d).
The diagram in Fig. 13e shows trends of the various energies, ,
involved in the problem for the beam with a/k = 0.2. The upper
curve is the energy input into the system, which increases on
increasing the plastic deformations of the foundation; the energy
dissipated into plastically deforming the foundation has a similar
dependence on Tfcrh=Pmax; the energy difference, shown by the
dashed line, is only slightly affected by variations in the ratio
Tfcrh=Pmax. The energy difference is the energy that remains in the
system after the load has been removed and generates free vibra-
tions; this is the energy that would be available to propagate
cracks in systems with propagating delaminations.
All results in Fig. 13 have been obtained for a loading duration
tm = t1. For shorter load durations the behavior is similar with
two important differences (Fig. 14). The ﬁrst is that the curves that
describe the overall Gmax monotonically decrease from the elastic
value on decreasing the ratio Tfcrh=Pmax. This is shown in Fig. 14a–
c for a system with a/k = 0.2 and tm/t1 = 0.5, 0.25 and 0.125. Reduc-
ing the duration of the applied load generally reduces differences
between maxima in the loading and in the free vibration phase
as well as differences between elastic and elastic–plastic solutions.
The second difference is that for short load durations the energy in-
put is almost unaffected by the yielding strength of the core, which
indicates that plastic deformations, when they occur, take place
after the load has been removed in the early free vibration phase;
since the energy dissipated into plastically deforming the core
monotonically increases on reducing the ratio Tfcrh=Pmax the energy
available for free vibrations of the system is substantially reduced
with respect to the elastic value (Fig. 14d–f); as a consequence less
energy will be available to propagate cracks after the load has been
removed with respect to beams with elastic cores.4.3. Dynamic delamination fracture in elastic and elastic–plastic
systems
When the delaminations in the skin are free to propagate, the
dynamic phenomena described in the previous section are ampli-
ﬁed because the cracks progressively increase their length during
and after loading. Fig. 15 refers to the beam already studied in
Fig. 10a and b where the crack, of initial length a0/k = 0.1, is now
let free to propagate. The diagrams (a and b) are time histories of
the displacements of the delaminated arms at the load point and
of the crack length. The duration of the load pulse is tm = t1 and
in the applied dimensionless peak load is Pmax=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E=ðhkÞ4
p
¼ 3:56; the dashed lines refer to an elastic-brittle system
and the thick solid lines to an elastic–plastic–brittle system with
Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
¼ 1:89.
Consider ﬁrst the elastic–brittle system. In the loading phase,
the displacements of the sub-beams at the load point are larger
than those of the stationary system (Fig. 10a) due to a progressive
lengthening of the delamination that grows under pure mode II
conditions. In the free vibration phase, after the load has been re-
moved, important mode I openings are generated and the crack
continues to propagate under mixed-mode conditions up to a
length amax/kr  0.7. Dynamic crack propagation occurs at a simi-
lar speed in both loading phases (Fig. 15b). Under quasi-static
conditions and for the same value of the maximum applied load,
the crack would propagate up to a length ast/kr  0.22 and then
arrest due while approaching the energy barrier (see diagram in
Fig. 4a).
In the elastic–plastic–brittle system, thick lines in Fig. 15a and
b, plastic deformations take place in the foundation during loading
and the consequent stiffness reduction leads to larger displace-
ments (Fig. 15a) and extended mode II crack growth (Fig. 15b) with
respect to the elastic–brittle system. Mixed-mode growth, in the
free vibration phase, does occur at reduced speed and over a length
similar to that of the elastic system. Fig. 15a highlights the irre-
versible plastic part of the displacement that will remains as a
residual dent in the beam.
Fig. 14. (a–c) Maximum values of the dynamic energy release rate of a central, mid-plane delamination measured during and after the application of the load as functions of
the dimensionless yielding strength of the foundation; diagrams correspond to three different load durations. (d–f) Dimensionless diagrams of the energies involved in the
problem for the beams in (a–c) (homogeneous and isotropic face-sheet, L/k = 2, E/hk = 103).
Fig. 15. (a and b) Time histories of the displacements of the delaminated arms at the load point and crack length in a beam with an central mid-plane delamination of initial
length a0/k = 0.1 on an elastic (dashed lines) and an elastic–plastic (thick lines, T
f
cr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
¼ 1:89) foundation; the beam is subjected to a triangular pulse force of duration
tm = t1 and peak load Pmax=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E=ðhkÞ4p ¼ 3:56; wst is the load point displacement of the system statically loaded with Pmax (shape and duration of the load are plotted with
dotted lines and an arbitrary scale in the ordinates). (c and d) Time histories of the energies involved in the problem for (c) the elastic–brittle and (d) the elastic–plastic brittle
systems (homogeneous and isotropic face-sheet, L/k = 2, E/hk = 103; fracture criterion: G ¼ GI þ GII ¼ Gcr).
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energies involved in the problem, kh=P2maxðE=khÞ1=4, for (c) the
elastic–brittle and (d) the elastic–plastic–brittle systems. They
highlight that the higher energy input of the elastic–plastic sys-
tem, which is a consequence of the larger load-point displace-
ments during the loading phase, is mainly used in plastically
deforming the core and skin damage is only slightly increasedwith respect to the elastic system. Dynamic ampliﬁcation of
plastic damage in the core and delamination damage in the
face-sheets with respect to the quasi-static case has been ob-
served in experimental tests on composite sandwich beams
(Radford et al., 2006).
Dynamic propagation of multiple delaminations has been stud-
ied in (Cavicchi and Massabò, 2009a).
Fig. 16. (a) Final crack length extension as function of duration and maximum value of the applied load in an elastic–brittle system subjected to a triangular pulse force. Crack
length is normalized to the static value resulting from the quasi-static application of the maximum load. (b and c) Final crack length extension as function of the
dimensionless yielding strength of the foundation in an elastic–plastic–brittle system subjected to a triangular pulse force of duration tm = t1. Crack length is normalized to (b)
the wavelength of the oscillations of the beam on the elastic foundation, (c) the maximum crack length extension resulting from the quasi-static application of the maximum
load. (for all cases: central, mid-plane delamination, L/k = 2, initial notch length a0/k = 0.1, homogeneous isotropic beam with E/hk = 103; fracture criterion: G ¼ GI þ GII ¼ Gcr).
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The inﬂuence of dynamic effects on the ﬁnal extension of skin
damage in elastic–brittle systems is described by the diagram in
Fig. 16a, which refers to a beam with an initial delamination of
length a0/k = 0.1. In the diagram, the ﬁnal crack extension in the
dynamically loaded system, amax, normalized to the ﬁnal extension
in the system statically loaded with Pmax, ast, is presented as a func-
tion of load duration on varying the dimensionless peak load. Crack
extension is always ampliﬁed by dynamic effects but for the short-
est load durations (not shown in the diagram); dynamic ampliﬁca-
tion increases on increasing the applied load and is higher for
loading durations in the range tm = 0.5  1.0t1.
The inﬂuence of dynamic effects on the extension of damage in
elastic–plastic–brittle systems is much more complicated and the
plasticity of the foundation may favor or oppose damage extension
in the skin with respect to that of an elastic system depending on
the duration and maximum value of the applied load. This behavior
is described in the diagram (b) of Fig. 16, which refers to a beam
with an initial crack of length a0/k = 0.1. The diagram has been ob-
tained for a load duration tm/t1 = 1 and two different values of the
dimensionless applied load Pmax=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E=ðhkÞ4
p
¼ 3:56 and 5.03.
The thick curves deﬁne the ﬁnal crack extension as a function of
the dimensionless yielding strength of the foundation; the thin
dashed curves deﬁne ﬁnal crack extension in an elastic-brittle sys-
tem. Varying the applied load induces qualitative changes in the
response of the system: for the smaller value of the applied load,
reducing the foundation yielding strength amplify damage exten-
sion with respect to the elastic case; for the larger value of the ap-
plied load, the behavior is opposite.
The diagram in Fig. 16c shows changes in the response when
dynamic damage extension in the skin of an elastic–plastic–brittle
system is compared with that of the same system loaded
quasi-statically to the maximum load. For both applied loads
damage extension is ampliﬁed with respect to the static solution if
the foundation remain elastic, for large values of Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
. If the
foundation undergoes plastic deformations, dynamic effectsdepend on the foundation yielding strength: for large values of the
dimensionless yielding strength damage extension is generally
ampliﬁedwith respect to the static solution, independently of value
and duration (not shown) of the applied load; for low values,
dynamic effects reduce damage extension in the skin and the reduc-
tion is larger for shorter load durations (not shown). It is important
to remark that the above results refer to beams with different
dimensionless yielding strengths subjected to the same loading
histories; for impact loading this would correspond to different
input energies.5. Conclusions and ﬁnal remarks
The paper deals with the problem of damage progression and
interaction in a sandwich beam with laminated face-sheets and a
homogeneous core; the beam is supported by a rigid plane and
subjected to dynamically applied out-of-plane loadings. The dam-
age mechanisms for multiple delamination of the impacted face-
sheet and progressive crushing of the core have been studied using
approximate one-dimensional formulations that describe the im-
pacted face-sheet as a delaminated beam resting on an elastic–
plastic Winkler foundation.
Analytic and semi-analytic solutions have been obtained for the
quasi-static case, when inertia effects are negligible. The solutions
allow an easy investigation of the problem for a wide range of
material and geometric parameters. The quasi-static solution well
describes the response, both in the elastic and post-elastic regimes,
for all load durations tmP 2t1, with t1 ﬃ tlim ¼ 2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qmh=k
p
the ﬁrst
natural period of vibration of the face-sheet on the elastic founda-
tion. Since in typical composite sandwich beams t1 is on the order
of 0.1 ms, the quasi-static solution is applicable to all cases of low
velocity impact. This result proves that static experimental tests,
which are easier to perform, may be used in the laboratory to pre-
dict related low velocity impact response and conﬁrms the exper-
imental observations in Schubel et al. (2005). Solutions for cases
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tained numerically.
The models have been applied to study the response of beams
subjected to point forces and sufﬁciently long so that the behavior
is unaffected by the boundary conditions (with L/k > 1, where k is
the wavelength of the oscillations of the face-sheet on the elastic
foundation). Relevant conclusions for systems loaded quasi-stati-
cally are the following.
(i) Face/core interactions in elastic-brittle systems, shield the
crack tips from the applied load and crack propagation is
rendered stable (the critical applied load becomes an
increasing function of the crack length). In addition, the
core/face-sheet interactions generate energy barriers to the
propagation of delaminations in the face-sheet. The position
of the barriers, which act as crack arresters, depends on the
wavelength of the oscillations of the face-sheet on the elastic
foundation. The energy barriers explain experimental ﬁnd-
ings of low velocity impact tests showing that multiple
delamination damage in the face-sheet typically remains
localized near the indentor (Schubel et al., 2005).
(ii) In beams with soft cores or when the delaminations are
short, shielding of the fracture parameters is negligible. In
these cases the unstable propagation of the crack can be con-
trolled by increasing the bending stiffness or the fracture
energy of the face-sheet only.
(iii) Core plasticity diminishes the positive effects of the energy
barriers on damage control: the magnitude of the barrier is
reduced and the barrier moves away from the applied load,
favoring crack propagation over extended lengths on reduc-
ing the foundation yielding strength.
(iv) Transitions are predicted in damage evolution in beams
subjected to low velocity impact on varying geometrical/
material parameters and energy input. If the geometry is
kept unchanged, beams with soft cores damage by core plas-
ticity, for low input energies, and by skin delamination cou-
pled with core plasticity, for larger input energies; beams
with dense cores damage by skin delamination with no core
plasticity, for low input energies (though much higher than
those producing core plasticity in the beams with softer
cores), and by skin delamination coupled with core plastic-
ity, for larger input energies. The transitions in damage
evolution conﬁrm experimental observations (Daniel, 2010).
(v) Magnitude and position of the energy barriers can be opti-
mized in order to improve mechanical performance. To
reduce damage extension, higher barriers closer to the
applied load are sought by increasing the density (i.e., by
increasing stiffness and strength) of the core, or by reducing
the bending stiffness of the face-sheet; on the other hand,
softer cores (with reduced stiffness and strength) favor
energy dissipation through plastic deformation and the for-
mation of fracture surfaces in the face-sheet leading to
improved energy absorption.
Relevant conclusions for systems loaded dynamically by point
forces are the following.
(i) In elastic–brittle systems, namely systems where the dimen-
sionless yielding strength Tfcr=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcrk
p
is sufﬁciently high and
the foundation remains elastic during and after loading,
dynamic effects induce ampliﬁcation of the fracture param-
eters with respect to the quasi static solution for all load
durations tm < 2t1. Dynamic ampliﬁcation effects are very
high in the free vibration phase, after the load has been
removed (and the fracture parameters may increase of
orders of magnitude), due to delamination openings.(ii) The positive effects of the energy barriers predicted in the
quasi-static solution are much reduced during the loading
phase and the barriers essentially disappear in the phase
that follows the removal of the load. Crack extension in
the face-sheets of elastic–brittle systems is always ampliﬁed
with respect to the quasi-static solution (tmP 2t1) but for
the shortest time durations, and maximum ampliﬁcation is
for load durations in the range tm  0.5  1.0t1.
(iii) In elastic–plastic–brittle systems where the core undergoes
plastic deformations during the dynamic application of the
load, the fracture parameters in the face-sheet are always
ampliﬁed with respect to those of corresponding elastic sys-
tems and reducing the foundation yielding strength causes
extended mode II crack propagation. However, core plastic-
ity may reduce delamination openings and mixed-mode
crack growth after the removal of the load. This behavior is
controlled by duration and maximum value of the applied
load: higher applied loads or shorter load durations reduce
the extension of skin damage in the elastic–plastic system
with respect to that of elastic systems. On the other hand,
for all values and durations of the applied load the extension
of skin damage will always be ampliﬁed, with respect to the
quasi-static solution, in systems with high core yielding
strength while it will be reduced in systems with low core
yielding strength.
(iv) The use of techniques that reduce delamination openings
after the removal of the load, e.g. a through thickness rein-
forcement or 3D weaving (Andrews et al., 2009; Brandinelli
and Massabò, 2003; Lundsgaard-Larsen et al., 2011; Sridhar
et al., 2002), is expected to restore the important action of
the energy barriers and improve performance in all cases.
A real structure is more complicated than the simple geometry
examined in this paper. Even in cases where a sandwich panel can
be approximated to be in plane strain conditions, the assumption
of through-width damage will not generally be satisﬁed, the crack
front will generally be curved and global bending effects may be-
come important and induce other damage mechanisms and local
instabilities. Fully numerical analyses are needed to study the re-
sponse of complex 2D and 3D systems, and the results obtained
in this study may prove useful to help understanding complex
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